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CENTER OF THE GROUP RING AS A VECTOR SPACE

To study a given group G, we can study its irreducible

I representations and
I characters.

Center of the group ring plays a fundamental role.

I Character table of G is the change of basis matrix from
irreducible characters to conjugacy class sums - two basis
of the center of group ring.

Many properties of the group G can be read from its character
table.
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WHAT ABOUT THE CENTER OF ZG AS A RING?

Theorem (Farahat-Higman, 1959)

Let Zn be the the center of integral symmetric group ring, ZS(n).
Then, the ring Zn is generated by the elements

Zi :=
∑

w has exactly i cycles

w for i = 1, . . . ,n.

Cycle Decomposition

I (1, 3)(5, 2, 6, 4) ∈ S(6) is of cycle type (4, 2) and has 2 cycles,
I (1, 3)(5, 2, 6, 4) ∈ S(7) is of cycle type (4, 2, 1) and has 3

cycles, since (1,3)(5,2,6,4)=(1,3)(5,2,6,4)(7).
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CONSEQUENCES

I Nakayama’s conjecture
Let p be a prime number. Given two partitions λ and µ of
n, then χλ ≡ χµ (mod p) if and only if λ, µ have the same
p-core.
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LATER DEVELOPMENTS

I Jucys, 1974: Zi = en−i(J1, J2, . . . , Jn) for n = 1, 2, . . . ,n.

Jk :=
∑

transpositions in S(k)−
∑

transpositions in S(k− 1).

I Murphy, 1984:
Young’s Seminormal representations using YJM elements

I Vershik-Okounkov, 1995:
Representation theory of S(n) by induction on n
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FARAHAT-HIGMAN

Idea of the proof:

Let n go to infinity and get rid off all accidental relations.
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CENTER→ HECKE: GELFAND PAIRS

Definition (Gelfand Pairs)

A pair (G,K) is called a Gelfand pair
I if 1G

K is multiplicity-free,
I or equivalently if EndG(1G

K) is commutative.
We call the latter algebra Hecke algebra.

Example (All groups are Gelfand Pairs!)

The pair (G× G,∆G) is Gelfand:
I 1G×G

∆G
∼= ⊕ViV

∗
i ⊗ Vi,

I EndG×G(1G×G
∆G ) ∼= Z(ZG).
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(S(2n), B(n)) IS A GELFAND PAIR:

I S(2n), symmetric group on 2n letters,
I B(n), centralizer of the element

t := (1, 2)(3, 4) · · · (2n− 1, 2n).

I 1S(2n)
B(n)

∼= ⊕λ`nS2λ, where 2λ = (2λ1, 2λ2, 2λ3, . . .),

I SetHn := EndS(2n)(1S(2n)
B(n) ).
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GROUPS TO GELFAND PAIRS: A DICTIONARY

Replace

I Conjugacy classes (sums) by double cosets (sums),
I Irreducible characters by spherical functions.
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MULTIPLICATION IN THE CENTER OF ZG

Given two conjugacy classes/class sums Cλ,Cµ in Z(ZG), the
product CλCµ has the following expansion:

CλCµ =
∑

ν

aν
λµCν ,

where, Cν runs over all possible conjugacy classes.
Fix any element z ∈ Cν , then

aν
λµ := {(x, y)|xy = z, x ∈ Cλ, y ∈ Cµ}.
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MULTIPLICATION IN A HECKE RING

Given two double coset sums Kλ,Kµ in a Hecke ring, the
product KλKµ has the following expansion:

KλKµ =
∑

ν

bν
λµKν ,

where, Kν runs over all possible double cosets.
Fix any element z ∈ Kν , then

bν
λµ := {(x, y)|xy = z, x ∈ Kλ, y ∈ Kµ}.
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INVARIANTS OF w ∈ S(2n) WITH RESPECT TO B(n)

w = (
1 2 3 4 5 6 7 8 9 10 11 12
1 7 2 8 6 4 10 3 9 5 12 11

)
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Figure: Coset Type (3, 2, 1) with 3 circuits
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AN ANALOGUE OF FH FOR (S(2n), B(n))

Theorem (A. - Can, 2010)

The ringHn is generated by the elements

Hi :=
∑

w has exactly i circuits

w for i = 1, . . . ,n.
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IN TERMS OF YJM ELEMENTS

Recall that Jucys proved that

Zi = en−i(J1, J2, . . . , Jn)

for n = 1, 2, . . . ,n.
Recently, Zinn-Justin and Matsumoto proved that

Hi = en−i(J1, J3, . . . , J2n−1)eB(n)

for n = 1, 2, . . . ,n.
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